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Abstract
In this paper we present some non existence results concerning the
stable solutions to the equation
div(w(x)|∇u|p−2∇u) = g(x)f(u) in RN ; p ≥ 2
when f(u) is either u−δ + u−γ , δ, γ > 0 or exp( 1
u
) and for a suitable class
of weight functions w, g.
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1 Introduction
Consider the problem
− div (w(x)|∇u|p−2∇u) = g(x)f(u) in RN u > 0 in RN (1)
where f(u) is either −u−δ−u−γ to be denoted by (1)s or − exp( 1u ) to be denoted
by (1)e and δ, γ > 0. We also assume p ≥ 2, N ≥ 1 and the weight functions
w, g ∈ L1loc(RN ) both positive a.e. in RN such that g−1 ∈ L∞(RN ) unless
otherwise mentioned.
Definition 1.1. We say that u ∈ C1(RN ) is a weak solution to the equation
(1) if for all ϕ ∈ C1c (RN ) we have,∫
RN
w(x)|∇u|p−2∇u∇ϕdx =
∫
RN
g(x)f(u)ϕdx (2)
Definition 1.2. A weak solution u of equation (1) is said to be stable if for all
ϕ ∈ C1c (RN ) we have,
∫
RN
w(x)|∇u|p−2|∇ϕ|2dx+ (p− 2)
∫
RN
w(x)|∇u|p−4(∇u,∇ϕ)2dx
−
∫
RN
g(x)f ′(u)ϕ2dx ≥ 0 (3)
1
Therefore if u is a stable solution of equation (1) then we have,
∫
RN
g(x)f ′(u)ϕ2dx ≤ (p− 1)
∫
RN
w(x)|∇u|p−2|∇ϕ|2dx. (4)
There has been a recent surge of interest to obtain non-existence results for
stable solutions of C1 class for the equation (1) starting from the influential
papers of Farina [3, 4, 5] and that of Wei-Ma [10]. Those papers were followed
by some other results concering singular and exponential nonlinearities which
can be found in [1, 6, 7, 8, 9, 11] and the reference therein.
2 Notation
i) The equation (1) will be denoted as (n)s and (n)e for f(u) = −u−δ− u−γ
with δ, γ > 0 and f(u) = −e 1u respectively with n = 1, 2, 3, 4 and Br(0) is
the ball centered at 0 with radius r > 0
ii) c as a generic constant whose values may vary depending on the situation.
If c depends on ǫ we denote it by cǫ
iii) For p1, p2 > 0 such that p1 ≥ 1, by ||w||p1Lp1 (B2r(0)) = o(rp2 ), we mean there
exist a fixed constant c > 0 independent of r such that ||w||p1
Lp1 (B2r(0))
≤
crp2
iv) We say that (δ, p) belong to the class
(a) Pa if either δ ≥ 1 for 2 ≤ p < 3 or δ > 1 for p = 3 or δ > (p−1)
2
4 for
p > 3 respectively.
(b) Pb if either δ > 0 for p = 2 or δ >
(p−1)2
4 for p > 2 respectively.
v) Denote sp = δ+
√
δ2 + δ and 2δ(p−1) − p−12 for p = 2 and p > 2 respectively.
Note that if (δ, p) belong to either Pa or Pb, then we have sp > 0
vi) Denote Sap = 1 +
2sp
p−1+δ and S
b
p = 1 +
2sp
p−1+γ for p ≥ 2
vii) Denote m = ||g−1||∞
viii) Let us fix a constant M such that M > 0 for p = 2 and 0 < M < 4(p−1)2
for p > 2 respectively. Denote
tp =


1
M
+
√
1
M
+ 1
M2
for p = 2
2
M(p−1) − p−12 for p > 2
(5)
ix) Define the number Tp = 1 +
2tp
p
for p ≥ 2. Observe that tp > 0 for any
p ≥ 2 and therefore Tp > 1
2
3 Main Results
We start this section by stating our main results
Theorem 3.1. (Cacciopolli type Estimate) Let u ∈ C1(RN ) be a positive
stable solution to the problem (1)s. Then the following holds:
(A) Let (δ, p) belong to the class Pa such that δ < γ. Assume that 0 < u ≤ 1 in
R
N . Then for any β ∈ (0, sp), there exists a constant c = c(β, p,m) > 0 such
that for every ψ ∈ C1c (RN ) with 0 ≤ ψ ≤ 1 in RN , we have∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψ|pθ′a dx (6)
where θa =
2β+p−1+δ
2β and θ
′
a =
2β+p−1+δ
p−1+δ .
(B) Let (δ, p) belong to the class Pb such that δ < γ where γ ≥ 1. Assume that
u ≥ 1 in RN . Then for any β ∈ (0, sp), there exists a constant c = c(β, p,m) > 0
such that for every ψ ∈ C1c (RN ) with 0 ≤ ψ ≤ 1 in RN , we have∫
RN
g(x)(
ψ
u
)2β+p−1+γ dx ≤ c
∫
RN
wθ
′
b |∇ψ|pθ′b dx (7)
where θb =
2β+p−1+γ
2β and θ
′
b =
2β+p−1+γ
p−1+γ .
(C) Let (δ, p) belong to the class Pa such that δ = γ ≥ 1. Assume that u > 0 in
R
N . Then for any β ∈ (0, sp), there exists a constant c = c(β, p,m) > 0 such
that for every ψ ∈ C1c (RN ) with 0 ≤ ψ ≤ 1 in RN , we have∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψ|pθ′a dx (8)
where θa =
2β+p−1+δ
2β and θ
′
a =
2β+p−1+δ
p−1+δ .
Theorem 3.2. Let (δ, p) belong to the class Pa such that δ < γ and u ∈ C1(RN )
such that 0 < u ≤ 1 in RN . Assume that there exist a fixed constant λap > 0
such that
||w||S
a
p
L
Sap (B2R(0))
= o(Rλ
a
p ) and λap < pS
a
p .
Then u is not a stable solution to the problem (1)s.
Theorem 3.3. Let (δ, p) belong to the class Pb such that δ < γ with γ ≥ 1 and
u ∈ C1(RN ) such that u ≥ 1 in RN . Assume that there exist a fixed constant
λbp > 0 such that
||w||S
b
p
L
Sbp (B2R(0))
= o(Rλ
b
p) and λbp < pS
b
p.
Then u is not a stable solution to the problem (1)s.
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Theorem 3.4. Let (δ, p) belong to the class Pa such that δ = γ ≥ 1 and
u ∈ C1(RN ) such that u > 0 in RN . Assume that there exist a fixed constant
λcp > 0 such that
||w||S
a
p
L
Sap (B2R(0))
= o(Rλ
c
p) and λcp < pS
a
p .
Then u is not a stable solution to the problem (1)s.
Remark 3.1. For w ∈ L∞(RN ), we can choose λap, λbp, λcp equal to the dimen-
sion N of RN in the above theorems (3.2), (3.3), (3.4).
Theorem 3.5. (Cacciopolli type Estimate) Let u ∈ C1(RN ) be a bounded
positive stable solution to the problem (1)e such that ||u||L∞(RN ) ≤M . Then for
any β ∈ (0, tp), there exists a constant c = c(β, p,m) > 0 such that for every
ψ ∈ C1c (RN ) with 0 ≤ ψ ≤ 1 in RN , we have∫
RN
g(x)(
ψ
u
)2β+p dx ≤ c
∫
RN
wθ
′ |∇ψ|pθ′ dx (9)
where θ = 2β+p2β and θ
′ = 2β+p
p
Theorem 3.6. Let u ∈ C1(RN ) be positive such that ||u||L∞(RN ) ≤M . Assume
that there exist a fixed constant µp > 0 such that
||w||Tp
LTp (B2R(0))
= o(Rµp) and µp < pTp
Then u is not a stable solution to the problem (1)e.
Remark 3.2. For w ∈ L∞(RN ), we may choose µp = N in theorem (3.6).
4 Proof of Main Theorems
Before proving the results of Section 3, we prove an important lemma.
Lemma 4.1. Assume p ≥ 2 and let u ∈ C1(RN ) be a positive stable solution to
the problem (1). Fix a constant β > 0. Then for every ǫ ∈ (0, 2β+ p− 1), there
exist a constant cǫ = cǫ(β, p) > 0 such that for any nonnegative ψ ∈ C1c (RN ),
we have
∫
RN
g(x)f ′(u)u−2β−p+2ψp dx ≤ cǫ
∫
RN
w(x)u−2β |∇ψ|p dx
− (p− 1)(β +
p
2 − 1)2 + ǫ
2β + p− 1− ǫ
∫
RN
g(x)f(u)u−2β−p+1ψp dx (10)
Proof of Lemma 4.1. Suppose u ∈ C1(RN ) be a positive stable solution of equa-
tion (1) and ψ ∈ C1c (RN ) be nonnegative. We prove the lemma in two steps.
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Step 1. Suppose u ∈ C1(RN ) be a positive weak solution of (1) and let α > 0.
Choosing ϕ = u−αψp as a test function in the weak form (2), since
∇ϕ = −αu−α−1ψp∇u+ pψp−1u−α∇ψ
we obtain
α
∫
RN
w(x)u−α−1ψp|∇u|p dx ≤ p
∫
RN
w(x)u−αψp−1|∇u|p−1|∇ψ| dx
−
∫
RN
g(x)u−αf(u)ψp dx (11)
Now using the Young’s inequality for ǫ ∈ (0, α), we obtain
p
∫
RN
w(x)u−αψp−1|∇u|p−1|∇ψ| dx
= p
∫
RN
(w
1
p′ u
−α−1
p′ |∇u|p−1ψp−1)(w 1p u p−α−1p |∇ψ|)dx
≤ {ǫ
∫
RN
w(x)u−α−1ψp|∇u|p dx
+ cǫ
∫
RN
w(x)up−α−1|∇ψ|p} dx
Plugging this estimate in (11) and defining
A =
∫
RN
w(x)u−α−1ψp|∇u|p dx,
B =
∫
RN
w(x)up−α−1|∇ψ|p dx
we obtain
(α − ǫ)A ≤ cǫB −
∫
RN
g(x)u−αf(u)ψp dx (12)
Step 2. Suppose u ∈ C1(RN ) be a positive stable solution of (1) and let
β > 0. Choosing ϕ = u−β−
p
2+1ψ
p
2 , as a test function in the stability equation
(4), since
∇ϕ = (−β − p
2
+ 1)u−β−
p
2ψ
p
2∇u+ p
2
ψ
p−2
2 u−β−
p
2+1∇ψ
we obtain
∫
RN
g(x)f ′(u)u−2β−p+2ψp dx ≤ (p−1)(−β−p
2
+1)2
∫
RN
w(x)u−2β−pψp|∇u|p dx
+ (p− 1)p
2
4
∫
RN
w(x)u−2β−p+2ψp−2|∇u|p−2|∇ψ|2 dx
+(p−1)(−β− p
2
+1)p
∫
RN
w(x)u−2β−p+1ψp−1|∇u|p−1|∇ψ| dx = (X+Y +Z)
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where
X = (p− 1)(−β − p
2
+ 1)2
∫
RN
w(x)u−2β−pψp|∇u|p dx
Y = (p− 1)p
2
4
∫
RN
w(x)u−2β−p+2ψp−2|∇u|p−2|∇ψ|2 dx
and
Z = (p− 1)(−β − p
2
+ 1)p
∫
RN
w(x)u−2β−p+1ψp−1|∇u|p−1|∇ψ| dx
Therefore we have∫
RN
g(x)f ′(u)u−2β−p+2ψp dx ≤ (X + Y + Z). (13)
Let α = 2β + p − 1. Then we have X = (β + p2 − 1)2(p − 1)A. Now we prove
the estimate for p = 2 and p > 2 seperately in case a and case b.
Case a. Let p = 2. Therefore
Y =
∫
RN
w(x)u−2β |∇ψ|2dx = B
Also using the exponents p′ = p
p−1 and p in the Young’s inequality, we obtain
Z = −2β
∫
RN
w(x)u−2β−1ψ|∇u||∇ψ| dx
= −2β
∫
RN
(w
1
2ψu−β−1|∇u|)(w 12 u−β|∇ψ|) dx
≤ ǫ
∫
RN
w(x)u−2β−2ψ2|∇u|2 dx+ cǫ
∫
RN
w(x)u−2β |∇ψ|2 dx
= ǫA+ cǫB.
Now putting α = 2β + 1 > 0 in equation (12) we get
A ≤ 1
2β + 1− ǫ{cǫB −
∫
RN
g(x)f(u)u−2β−1ψ2 dx} (14)
Using the inequality (15) together with the above estimates on Y and Z in (13),
we get
∫
RN
g(x)f ′(u)u−2βψ2 dx ≤ cǫ
( β2 + ǫ
2β + 1− ǫ + 1 + cǫ
)
B
− β
2 + ǫ
2β + 1− ǫ
∫
RN
g(x)f(u)u−2β−1ψ2 dx
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Case b. Let p > 2. and using the exponents p
p−2 and
p
2 in the Young’s
inequality, we have
Y = (p− 1)p
2
4
∫
RN
w(x)u−2β−p+2ψp−2|∇u|p−2|∇ψ|2dx
= (p− 1)p
2
4
∫
RN
(w
p−2
p |∇u|p−2ψp−2u (−2β−p)(p−2)p )(w 2p u 2(−2β)p |∇ψ|2) dx
≤ ǫ
2
∫
RN
w(x)u−2β−pψp|∇u|p dx+ cǫ
2
∫
RN
w(x)u−2β |∇ψ|p dx
=
ǫ
2
A+
cǫ
2
B
Also using the exponents p′ = p
p−1 and p in the Young’s inequality, we obtain
Z = (p− 1)(−β − p
2
+ 1)p
∫
RN
w(x)u−2β−p+1ψp−1|∇u|p−1|∇ψ| dx
= (p− 1)(−β − p
2
+ 1)p
∫
RN
(w
1
p′ ψp−1uy|∇u|p−1)(w 1p uy′ |∇ψ|) dx
≤ ǫ
2
∫
RN
w(x)u−2β−pψp|∇u|p dx+ cǫ
2
∫
RN
w(x)u−2β |∇ψ|p dx
=
ǫ
2
A+
cǫ
2
B.
where y = (−2β−p)(p−1)
p
and y′ = −2β − p+ 1 + (2β+p)(p−1)
p
Now putting α =
2β + p− 1 > 0 in equation (12) we get
A ≤ 1
2β + p− 1− ǫ{cǫB −
∫
RN
g(x)f(u)u−2β−p+1ψp dx} (15)
Using the inequality (15) together with the above estimates on Y and Z in (13),
we get
∫
RN
g(x)f ′(u)u−2β−p+2ψp dx ≤ cǫ
( (p− 1)(β + p2 − 1)2 + ǫ
2β + p− 1− ǫ + 1
)
B
− (p− 1)(β +
p
2 − 1)2 + ǫ
2β + p− 1− ǫ
∫
RN
g(x)f(u)u−2β−p+1ψp dx
Hence the lemma follows.
Proof of Theorem 3.1. Let u ∈ C1(RN ) be a positive stable solution to the
problem (1)s. Then using the fact 0 < δ ≤ γ and f(u) = −u−δ − u−γ in the
inequality (10), we obtain
βǫ
∫
RN
g(x)
( 1
uδ
+
1
uγ
)
u−2β−p+1ψp dx
≤ cǫ
∫
RN
w(x)u−2β |∇ψ|pdx
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where βǫ =
(
δ− (p−1)(β+
p
2−1)
2+ǫ
2β+p−1−ǫ
)
. Therefore, we have lim
ǫ→0
βǫ =
(
δ− (p−1)(β+
p
2−1)
2
2β+p−1
)
>
0 for every β ∈ (0, sp). So we can choose an ǫ ∈ (0, 1) such that βǫ > 0 Hence
we have ∫
RN
g(x)
( 1
uδ
+
1
uγ
)
u−2β−p+1ψp dx ≤ c
∫
RN
w(x)u−2β |∇ψ|pdx. (16)
(A) Since δ < γ and 0 < u ≤ 1 in RN, we have for any β ∈ (0, sp), the inequality
(16) becomes
∫
RN
g(x)u−2β−p+1−δψp dx ≤ c
∫
RN
w(x)u−2β |∇ψ|pdx
Replacing ψ by ψ
2β+p−1+δ
p , we obtain
∫
RN
g(x)(
ψ
u
)2β+p−1+δ ≤ c(2β + p− 1 + δ
p
)p
∫
RN
w(x)u−2βψ2β+δ−1|∇ψ|pdx
= c
∫
RN
(
ψ
u
)2β(w(x)|∇ψ|p)ψδ−1 dx
Choosing the exponents θa =
2β+p−1+δ
2β , θ
′
a =
2β+p−1+δ
p−1+δ in the Young’s inequal-
ity we get,
∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ {ǫ
∫
RN
g(x)(
ψ
u
)2β+p−1+δdx
+ cǫ
∫
RN
wθ
′
ag−
θ′a
θa ψ(δ−1)θ
′
a |∇ψ|pθ′adx}
Using the fact g−1 ∈ L∞(RN ), 0 ≤ ψ ≤ 1 and δ ≥ 1, we get the inequality
∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψ|pθ′adx
(B) Since δ < γ and u ≥ 1 in RN, we have for any β ∈ (0, sp), the inequality
(16) becomes
∫
RN
g(x)u−2β−p+1−γψp dx ≤ c
∫
RN
w(x)u−2β |∇ψ|pdx
Replacing ψ by ψ
2β+p−1+γ
p we obtain
∫
RN
g(x)(
ψ
u
)2β+p−1+γ ≤ c(2β + p− 1 + γ
p
)p
∫
RN
w(x)u−2βψ2β+γ−1|∇ψ|pdx
= c
∫
RN
(
ψ
u
)2β(w(x)|∇ψ|p)ψγ−1 dx
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Choosing the exponents θb =
2β+p−1+γ
2β , θ
′
b =
2β+p−1+γ
p−1+γ in the Young’s inequal-
ity we get,
∫
RN
g(x)(
ψ
u
)2β+p−1+γ dx ≤ {ǫ
∫
RN
g(x)(
ψ
u
)2β+p−1+γdx
+ cǫ
∫
RN
wθ
′
bg
−
θ′
b
θb ψ(γ−1)θ
′
b |∇ψ|pθ′bdx}
Using the fact g−1 ∈ L∞(RN ), 0 ≤ ψ ≤ 1 and γ ≥ 1, we get the inequality
∫
RN
g(x)(
ψ
u
)2β+p−1+γ dx ≤ c
∫
RN
wθ
′
b |∇ψ|pθ′bdx (17)
(C) Since δ = γ and u > 0 in RN, we have for any β ∈ (0, sp), the inequality
(16) becomes
∫
RN
g(x)u−2β−p+1−δψp dx ≤ c
∫
RN
w(x)u−2β |∇ψ|pdx
Replacing ψ by ψ
2β+p−1+δ
p , we obtain
∫
RN
g(x)(
ψ
u
)2β+p−1+δ ≤ c(2β + p− 1 + δ
p
)p
∫
RN
w(x)u−2βψ2β+δ−1|∇ψ|pdx
= c
∫
RN
(
ψ
u
)2β(w(x)|∇ψ|p)ψδ−1 dx
Choosing the exponents θa =
2β+p−1+δ
2β , θ
′
a =
2β+p−1+δ
p−1+δ in the Young’s inequal-
ity we get,
∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ {ǫ
∫
RN
g(x)(
ψ
u
)2β+p−1+δdx
+ cǫ
∫
RN
wθ
′
ag−
θ′a
θa ψ(δ−1)θ
′
a |∇ψ|pθ′adx}
Using the fact g−1 ∈ L∞(RN ), 0 ≤ ψ ≤ 1 and δ ≥ 1, we get the inequality
∫
RN
g(x)(
ψ
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψ|pθ′adx
Proof of Theorem 3.2. By contradiction, let us suppose that u be a positive
stable solution to the problem (1)s. Then by part (A) of Theorem 3.1, we have
∫
RN
g(x)(
ψR
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψR|pθ
′
adx
9
Choosing ψR ∈ C1c (RN ) such that 0 ≤ ψR ≤ 1 in RN , ψR = 1 in BR(0) and
ψR = 0 in R
N \B2R(0) with |∇ψR| ≤ cR for c > 1 in (9), we obtain∫
BR(0)
g(x)(
1
u
)2β+p−1+δ dx ≤ cR−pθ′a
∫
B2R(0)
wθ
′
a dx (18)
Since θ′a =
2β+p−1+δ
p−1+δ < S
a
p and ||w||
Sap
L
Sap (B2R(0))
= o(Rλ
a
p ), we have
∫
B2R(0)
wθ
′
a dx ≤ c(
∫
B2R(0)
wS
a
p dx
) θ′a
Sap ≤ cR
θ′aλ
a
p
Sap
Hence from (18), we obtain
∫
BR(0)
g(x)(
1
u
)2β+p−1+δ dx ≤ cRθ
′
a(
λap
Sap
−p)
Since λap < pS
a
p , letting R→∞, we obtain∫
RN
g(x)(
1
u
)2β+p−1+δ dx = 0
which is a contradiction.
Proof of Theorem 3.3. By contradiction, let us suppose that u be a positive
stable solution to the problem (1)s. Then by part (B) of Theorem 3.1, we have∫
RN
g(x)(
ψR
u
)2β+p−1+γ dx ≤ c
∫
RN
wθ
′
b |∇ψR|pθ
′
bdx
Choosing ψR ∈ C1c (RN ) such that 0 ≤ ψR ≤ 1 in RN , ψR = 1 in BR(0) and
ψR = 0 in R
N \B2R(0) with |∇ψR| ≤ cR for c > 1 in (9), we obtain∫
BR(0)
g(x)(
1
u
)2β+p−1+γ dx ≤ cR−pθ′b
∫
B2R(0)
wθ
′
b dx (19)
Since θ′b =
2β+p−1+δ
p−1+δ < S
b
p and ||w||
Sbp
L
Sbp (B2R(0))
= o(Rλ
b
p), we have
∫
B2R(0)
wθ
′
b dx ≤ c(
∫
B2R(0)
wS
b
p dx
) θ′b
Sbp ≤ cR
θ′
b
λbp
Sbp
Hence from (19), we obtain
∫
BR(0)
g(x)(
1
u
)2β+p−1+γ dx ≤ cRθ
′
b(
λbp
Sbp
−p)
Since λbp < pS
b
p, letting R→∞, we obtain∫
RN
g(x)(
1
u
)2β+p−1+γ dx = 0
which is a contradiction.
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Proof of Theorem 3.4. By contradiction, let us suppose that u be a positive
stable solution to the problem (1)s. Then by part (C) of Theorem 3.1, we have
∫
RN
g(x)(
ψR
u
)2β+p−1+δ dx ≤ c
∫
RN
wθ
′
a |∇ψ|pθ′adx.
Choosing ψR ∈ C1c (RN ) such that 0 ≤ ψR ≤ 1 in RN , ψR = 1 in BR(0) and
ψR = 0 in R
N \B2R(0) with |∇ψR| ≤ cR for c > 1 in (9), we obtain∫
BR(0)
g(x)(
1
u
)2β+p−1+δ dx ≤ cR−pθ′a
∫
B2R(0)
wθ
′
a dx (20)
Since θ′a =
2β+p−1+δ
p−1+δ < S
a
p and ||w||
Sap
L
Sap (B2R(0))
= o(Rλ
c
p), we have
∫
B2R(0)
wθ
′
a dx ≤ c(
∫
B2R(0)
wS
a
p dx
) θ′a
Sap ≤ cR
θ′aλ
c
p
Sap
Hence from (20), we obtain
∫
BR(0)
g(x)(
1
u
)2β+p−1+δ dx ≤ cRθ
′
a(
λp
Sap
−p)
Since λcp < pS
a
p , letting R→∞, we obtain
∫
RN
g(x)(
1
u
)2β+p−1+δ dx = 0
which is a contradiction.
Proof of Theorem 3.5. Let u ∈ C1(RN ) be a bounded positive stable solution
to the problem (1)e such that ||u||L∞(RN ) ≤M . Using the condition 0 < u ≤M
in RN and f(u) = −e 1u in the inequality (10), we obtain
βǫ
∫
RN
g(x)e
1
uu−2β−p+1ψp dx ≤ cǫ
∫
RN
w(x)u−2β |∇ψ|pdx.
Define βǫ =
(
1
M
− (p−1)(β+
p
2−1)
2+ǫ
2β+p−1−ǫ
)
. Therefore, we have lim
ǫ→0
βǫ =
(
1
M
−
(p−1)(β+p2−1)
2
2β+p−1
)
> 0 for every β ∈ (0, tp).
Therefore we can choose an ǫ > 0 such that βǫ > 0. Hence using the inequality
e
1
u > 1
u
, we obtain
∫
RN
g(x)u−2β−pψp dx ≤ c
∫
RN
w(x)u−2β |∇ψ|pdx
11
Replacing ψ by ψ
2β+p
p and using Young’s inequality with θ = 2β+p2β and θ
′ =
2β+p
p
, we have
∫
RN
g(x)(
ψ
u
)2β+p dx ≤ c
∫
RN
w(x)u−2βψ2β |∇ψ|pdx
= c
∫
RN
g
1
θ (
ψ
u
)2β(g−
1
θw(x)|∇ψ|p)dx
≤ ǫ
∫
RN
g(x)(
ψ
u
)2β+p dx+ cǫ
∫
RN
g−
θ′
θ wθ
′ |∇ψ|pθ′ dx
Therefore we get the inequality∫
RN
g(x)(
ψ
u
)2β+p dx ≤ c
∫
RN
wθ
′
g−
θ′
θ |∇ψ|pθ′dx
Since g−1 ∈ L∞(RN ), we have∫
RN
g(x)(
ψ
u
)2β+p dx ≤ c
∫
RN
wθ
′ |∇ψ|pθ′dx
Proof of Theorem 3.6. By contradiction, let us suppose that u be a positive
stable solution to the problem (1)e. Then by Theorem 3.5, we have∫
RN
g(x)(
ψ
u
)2β+p dx ≤ c
∫
RN
wθ
′ |∇ψ|pθ′dx
where θ = 2β+p2β and θ′ =
2β+p
p
. Choosing ψ ∈ C1c (RN ) such that 0 ≤ ψR ≤ 1
in (RN ), ψR = 1 in BR(0), and ψ = 0 in R
N \B2R(0) with |∇ψ| ≤ cR for c > 1
in (9), we obtain∫
BR(0)
g(x)(
1
u
)2β+p dx ≤ cR−pθ′
∫
B2R(0)
wθ
′
dx (21)
Since θ′ = 2β+p
p
< Tp and ||w||TpLTp (B2R(0)) = o(R
µp), we have
∫
B2R(0)
wθ
′
dx ≤ c(
∫
B2R(0)
wTp dx
) θ′
Tp ≤ cR
θ′µp
Tp
Hence from (21), we obtain∫
BR(0)
g(x)(
1
u
)2β+p dx ≤ cRθ
′(
µp
Tp
−p)
Since µp < pTp, letting R→∞, we obtain∫
RN
g(x)(
1
u
)2β+p dx = 0
which is a contradiction.
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